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FLEXIBILITY OF GEOMETRICAL AND DYNAMICAL DATA IN FIXED
CONFORMAL CLASSES
THOMAS BARTHELME´ AND ALENA ERCHENKO
Abstract. Consider a smooth closed surface M of fixed genus > 2 with a hyperbolic metric σ of
total area A. In this article, we study the behavior of geometric and dynamical characteristics (e.g.,
diameter, Laplace spectrum, Gaussian curvature and entropies) of nonpositively curved smooth
metrics with total area A conformally equivalent to σ. For such metrics, we show that the diameter
is bounded above and the Laplace spectrum is bounded below away from zero by constants which
depend on σ. On the other hand, we prove that the metric entropy of the geodesic flow with respect
to the Liouville measure is flexible. Consequently, we also provide the first known example showing
that the bottom of the L2-spectrum of the Laplacian cannot be bounded from above by a function
of the metric entropy. We also provide examples showing that our conditions are essential for the
established bounds.
1. Introduction
Let M be a closed surface equipped with a Riemannian metric σ. An old and classical problem in
geometry is to wonder how dynamical or geometrical invariants can change when one deforms the
metric σ in a certain class of metric. Among the invariants of interests are the Laplace spectrum,
both on the surface, and the L2-spectrum on the universal cover, the systole, the entropies (metric,
harmonic, or topological) of the geodesic flow, or the Kaimanovich entropy and linear drift of the
Brownian motion. Since anything can be changed by scaling, a necessary condition to make the
problem non-trivial is to fix, for instance, the volume. There has been a lot of work done around that
problem, in particular when the deformation is taken among all the negatively (or nonpositively)
curved metrics. Another often studied class is the conformal class of a fixed metric. There seem,
however, to have been relatively little work for metrics in the intersection of these two classes.
Hence, in the present article, we aim to investigate how the geometric and dynamical invariants
behave when we consider all negatively, or non positively, curved metrics in a fixed conformal class,
with fixed area.
In [Ka82], Katok proved that for any hyperbolic metric σ on M with total area A and any
negatively curved metric g = e2uσ, with total area A, we have
hµ(g) 6 hµ(σ)
∫
M
eu
dvσ
A
and htop(σ)
(∫
M
eu
dvσ
A
)−1
6 htop(g),
where hµ(g) and htop(g) are, respectively, the metric entropy with respect to the Liouville mea-
sure, and the topological entropy of the geodesic flow. In particular, Katok obtains that, for any
negatively curved metric g with total volume A, we have
(1.1) hµ(g) 6
(
2pi|χ(M)|
A
) 1
2
6 htop(g).
Furthermore, he shows that either equality above holds if and only if g is a hyberbolic metric.
Moreover, in [EK] the second author and Katok proved that equation (1.1) gives the only restriction
on the possible pair of entropies in the class of negatively curved metrics with total area A. They
do not, however, control the conformal classes of the metrics that they build.
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2 THOMAS BARTHELME´ AND ALENA ERCHENKO
Another famous set of inequalities (due to Guivarch [Gu80] and Ledrappier [Le90, Le10]), that
are satisfied for any metrics on a compact manifold, is the following
4λ˜1(g) ≤ h(g) ≤ l(g)htop(g) ≤ htop(g)2,
where λ˜1(g) is the bottom of the L
2-spectrum of the Laplacian on the universal cover M˜ , and h(g)
and l(g) are respectively the Kaimanovich entropy and the linear drift of the associated Brownian
motion (see, for instance [Le10] for the definitions). Moreover, in dimension 2, when g is assumed
to be negatively curved, we have a strong rigidity result: any equality in the chain of inequalities
above imply that g is hyperbolic [Le90]. When considering a fixed conformal class, Ledrappier
[Le87] proved that, for any hyperbolic metric σ on M with total area A and any negatively curved
metric g = e2uσ, we have
(1.2) l(g) 6 l(σ)
∫
M
eu
dvσ
A
, h(g) = h(σ) and hharm(g) > hharm(σ)
(∫
M
eu
dvσ
A
)−1
,
where hharm(g) is the entropy of the harmonic measure, and is equal to h(g)/l(g) [Le87]. Moreover,
htop(g) > hharm(g) (by the variational principle) and equality holds if and only if g is a hyperbolic
metric [Le87]. Notice that, in spite of all these related results, the relationship, if any, between λ˜1
and the entropy of the Liouville measure, hµ, has remained very mysterious so far. In what appears
to be one of the first steps in this direction, we will show (Theorem B) that hµ cannot be an upper
bound for λ˜1.
Our aim in this study is to try to uncover the further restrictions, if any, for all of the above
invariants that may appear when a conformal class is fixed, in the spirit of A. Katok flexibility
program (see [BKRH, Er17, EK]). Notice that bounds on all of these invariants can be obtained
if one assumes a lower bound on the curvature. However, the curvature is unbounded below in a
conformal class, hence none of these results are available to us.
For any positive constant A, we let [g]6A (resp. [g]
<
A) be the family of nonpositively (resp. nega-
tively) curved metrics conformally equivalent to g and with total area A. In the remainder of this
text, a hyperbolic metric will always refer to a metric of constant negative curvature equal to −1.
Our first result, which can be seen as a slight generalization of Schwarz Lemma (see, for instance,
[Y78]), is the following
Theorem A (Theorem 2.2). Let (M,σ) be a hyperbolic surface of genus > 2 and total area A.
Then, there exists a positive constant C = C(σ) such that for any smooth function u : M → R such
that g = e2uσ ∈ [σ]6A we have u(x) 6 C for any x ∈M .
This result admits many corollaries. First, we obtain an upper bound on the diameter of M for
any g ∈ [σ]6A depending only on σ (independently of that result, we also obtain an upper bound
on the diameter under the weaker assumption that g has no conjugate point, see Theorem 2.11).
Second, thanks to the Min-Max principle (see Subsection 2.1), we also get a lower bound on the
Laplace spectrum:
Corollary (Corollary 2.5). Let (M,σ) be a hyperbolic surface of genus ≥ 2 and total area A.
There exists a constant C > 0 such that the following holds: For any g = e2uσ ∈ [σ]6A and any
k, we have
λk(g) > Cλk(σ).
In particular, the function g 7→ λ1(g) is uniformly bounded away from 0 on the space [σ]6A.
Similarly, on the universal cover, we have
λ˜1(g˜) > Cλ˜1(σ˜).
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Let us stress again that, as opposed to, for instance, Li and Yau’s lower bound for the Laplace
spectrum (see [SY10, Theorem 4]), our result does not require a lower bound on the Gaussian
curvature (see Section 3 for an example of metric in a fixed conformal class with arbitrarily negative
Gaussian curvature).
We also study in more details a certain family gε of metrics build in [EK]. This family is such
that the metric entropy of gε comes arbitrary close to zero (for ε going to 0) and the topological
entropy is bounded above by a fixed constant. By [Le87], the linear drift of these examples is also
bounded away from zero by a fixed constant.
We prove that the family of hyperbolic metrics σε in the conformal class of gε must stay in a
compact part of the Teichmu¨ller space (see Theorem 3.1 and its proof). As a result of this study
and our Corollary above, we obtain the first known example of a negatively curved metric g such
that hµ(g)
2 < 4λ˜1(g):
Theorem B (Corollary 3.6). Let ε > 0 and f : R→ R+ be any real continuous function such that
f(0) = 0, then there exists a negatively curved metric g such that
f (hµ(g)) < λ˜1(g), and hµ(g) < ε.
Furthermore, we can choose g ∈ [σ]<A, where σ is a hyperbolic metric inside a fixed compact set of
the Teichmu¨ller space.
In terms of the flexibility program, Theorem 3.1 shows that one can stay in the conformal classes
of hyperbolic metrics in a fixed compact of the Teichmu¨ller space (or any small neighborhood of
at least one particular hyperbolic metric), and still obtain all the possible values for the metric
entropy. We believe however that the stronger result below should be true.
Conjecture 1.1. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Then,
inf
g∈[σ]<A
(hµ(g)) = 0.
Another goal of our study was to determine whether the topological entropy is as flexible as the
metric entropy in a conformal class. It turns out that the flexibility of the topological entropy is
linked to the flexibility of two other invariants: the linear drift l(g) and the systole sys(g), i.e., the
length of the shortest geodesic.
On one side, the topological entropy is, in negative curvature, always bounded above by a
constant depending only on the area and the (inverse of the) systole (see Theorem 5.1). So in
particular, if htop(g) is unbounded, then sys(g) must go to zero.
Conversely, Besson, Courtois and Gallot [BCG03, Corollaire 0.6], proved that if a family of
negatively curved metrics with bounded diameter (this is always satisfied in our case due to Theorem
2.11) is such that if sys(g) goes to zero, then htop(g) must be unbounded (this result also follows
from the arguments of [EK, Section 2.3]). Finally, the variational principle and equation (1.2)
implies that, if l(g) goes to zero in a conformal class, then htop(g) must be unbounded (and hence,
sys(g) must go to zero).
In this article, we obtained some partial results regarding the systole. We did not manage to
show that the systole stays bounded away from zero in a class [σ]6A. However, we did prove that
the “obvious” way of building a family of metric with systole going to zero cannot be done in a
conformal class without positive curvature. More precisely, writing lg(γ) for the g-length of a curve
γ, we show
Theorem C. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. For any N > 0,
and any closed σ-geodesic γ, such that lσ(γ) 6 M , there exists a positive constant ε = ε(N) such
that, for any g ∈ [σ]6A, we have
lg(γ) > ε.
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This result is presumably far from optimal, since our lower bound goes to zero as the length of
the original σ-geodesic goes to infinity, and it seems at the very least counter-intuitive that one
could shrink a very long curve without shrinking short ones. Although we did not pursue it, one
could adapt our arguments to show that for any topologically non trivial closed curve γ of controlled
σ-length (i.e., bounded above), and controlled σ-geodesic curvature (both above and below), one
can obtain a positive lower bound for the g-length of γ, with g in [σ]6A. But again, the bound
obtain via our technique will go to zero as the σ-length or σ-geodesic curvature goes to infinity.
Nonetheless, we feel confident that the following should be true.
Conjecture 1.2. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Then, there
exists a constant C = C(σ) > 1 such that, for any g ∈ [σ]6A, sys(g) > C−1, htop(g) < C, and
C−1 < l(g) < C.
Finally, in Section 4 we build examples, some folkloric, others new, showing that the conditions
of conformality and negative curvature are essential for all our established and conjectural bounds.
We will use the following notations. The pair (M, g) denotes a smooth closed Riemannian surface
with metric g, and vg is the associated Riemannian measure on M . The universal cover of M is
denoted by M˜ , g˜ is the lifted metric, and d
M˜
(·, ·) is the associated distance function. We write
∆g = divg(gradg) for the Laplacian of g and 0 = λ0(g) < λ1(g) 6 λ2(g) 6 . . . → ∞ for its
spectrum. Throughout the text, since we will often have to switch between objects defined for
different metrics, we write g-length, g-ball, g-geodesic, g-area, etc., to refer to the length, ball,
geodesic, or area defined by the metric g. Finally, we will also sometimes abuse terminology and
refer to a shortest closed geodesic as “a systole”.
2. Restrictions for metrics with fixed total area in a fixed conformal class
In this section, we will prove Theorems A and C, as well as other bounds that we can obtain
from our conditions. The proofs in subsections 2.1 and 2.2 follow essentially one overarching easy
idea that we sketch now.
Suppose σ is a fixed hyperbolic metric and g = e2uσ is a metric in its conformal class. Then, the
Gaussian curvature Kg of g satisfy to the following
∆σu+ 1 +Kge
2u = 0.
In particular, g has nonpositive curvature if and only if
(2.1) ∆σu > −1.
Now, for a function of two variables u, equation (2.1) still allows a lot of flexibility. However,
if u was one-dimensional, then equation (2.1) becomes very stringent. So, in the arguments, we
average u over some closed curves in local charts to obtain a one-dimensional function that satisfies
equation (2.1) and then leverage the condition that the g-area stays constant to get our bounds.
2.1. Upper bound on the conformal factor.
Proposition 2.1. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Consider a
smooth function u : M → R such that g = e2uσ ∈ [σ]6A. Let u˜ be the lift of u to M˜ and xmax ∈ M˜
be a point, where a global maximum of u˜ is achieved. Then,∫
Sσ(xmax,R)
u˜dlσ > 2pi sinhR
(
max
M
u− 2 log
(
cosh
R
2
))
,
where Sσ(xmax, R) is the σ-sphere of radius R centered at xmax.
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Proof. Passing to the universal cover, let (r, θ) be hyperbolic polar coordinates on the σ-ball
Bσ(xmax, ρ) ⊂ M˜ . Recall that the Laplacian in polar coordinates is given by
∆σ =
∂2
∂r2
+
cosh r
sinh r
∂
∂r
+
1
sinh2 r
∂2
∂θ2
.
Writing u˜ for the lift of u to the universal cover M˜ , we can use Green’s theorem to get∫
Bσ(xmax,ρ)
∆σu˜dvσ =
∫ 2pi
0
∂u
∂r
(ρ, θ) sinh ρ dθ.(2.2)
The fact that g has nonpositive curvature is equivalent to ∆σu˜ > −1. Therefore, we have∫
Bσ(xmax,ρ)
∆σu˜dvσ > − vol(Bσ(xmax, ρ)) = −2pi(cosh ρ− 1).(2.3)
As a result, by (2.2) and (2.3) we obtain∫ 2pi
0
∂u
∂r
(ρ, θ) dθ > −2pi cosh ρ− 1
sinh ρ
.
Integrating the above inequality with respect to ρ from 0 to R gives the proposition:∫ R
0
∫ 2pi
0
∂u
∂r
(ρ, θ) dθdρ =
∫ 2pi
0
u(R, θ) dθ − 2pimax
M
u > −4pi log
(
cosh
R
2
)
. 
Theorem 2.2. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Then, there
exists a positive constant C = C(σ) such that for any smooth function u : M → R such that
g = e2uσ ∈ [σ]6A we have u(x) 6 C for any x ∈M .
Remark 2.3. This result can be seen as a slight generalization of Schwarz lemma (see, for instance,
[Y78]), where we do not assume that the curvature is bounded above by a negative constant.
Proof. Again passing to the universal cover, let (r, θ) be hyperbolic polar coordinates on the σ˜-ball
Bσ˜(xmax, inj(σ)) ⊂ M˜ , where inj(σ) is the injectivity radius of (M,σ), and xmax ∈ M˜ is a point
where the global maximum of the lift u˜ of u is achieved.
By Proposition 2.1 and Jensen’s inequality, for every 0 < R 6 inj(σ) we have
log
(∫ 2pi
0
e2u(R,θ) dθ
)
> log(2pi) + 1
2pi
∫ 2pi
0
2u(R, θ) dθ > log(2pi) + 2 max
M
u− 4 log
(
cosh
R
2
)
.
Therefore, we obtain ∫ 2pi
0
e2u(R,θ) dθ > 2pi exp(2 maxM u)
cosh4 R2
.
The g-area of B(xmax, inj(σ)) is bounded above by A, since the projection to M restricts to a
bijection on B(xmax, inj(σ)). So, using the above inequalities, we obtain
A >
∫ inj(σ)
0
∫ 2pi
0
e2u(r,θ) sinh r dθdr > 2pi exp(2 max
M
u)
∫ inj(σ)
0
sinh r
cosh4 r2
dr
= 2pi exp(2 max
M
u)
∫ inj(σ)
0
2 sinh r2 cosh
r
2(
cosh2 r2
)2 dr = 4pi exp(2 maxM u)
(
1− 1
cosh2 inj(σ)2
)
.
Therefore,
max
M
u 6 1
2
log
A
4pi tanh2 inj(σ)2
. 
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Corollary 2.4. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Then, for any
integer N > 1 there exists a positive constant K1 = K1(N, diam(M)) such that, for any open set
O ⊂ M˜ with diam(O) 6 N diam(M) and any smooth function u : M → R such that g = e2uσ ∈ [σ]6A,
we have ∫∫
O
u˜dvσ > −K1,
where u˜ is the lift of u to the universal cover.
Proof. Given our assumptions on O, there exists a σ-ball B(xmax, R) centered at a point xmax,
where R = (N + 1) diam(M) the global maximum of u˜ is achieved, such that O ⊂ B(xmax, R).
Then, ∫∫
O
u˜dvσ =
∫∫
B(xmax,R)
u˜dvσ −
∫∫
B(xmax,R)rO
u˜dvσ.
Also, we notice that maxM u > 0 as g has the same area as σ. In the polar coordinates (r, θ) for
the metric σ in the ball B(xmax, R), by Proposition 2.1 we have∫∫
B(xmax,R)
u˜dvσ =
∫ R
0
∫ 2pi
0
u˜ sinh r dθdr > −4pi
∫ R
0
sinh r log
(
cosh
r
2
)
dr =
= −2pi − 4pi
(
(coshR+ 1) log
(
cosh
R
2
)
− 1
2
coshR
)
.
From the inequality above and Theorem 2.2, it is easy to deduce the Corollary. 
Thanks to Theorem 2.2, we can bound the Laplace spectrum of nonpositively curved metrics in
a given conformal class.
Recall that 0 = λ0(g) < λ1(g) ≤ λ2(g) ≤ . . . denotes the Laplace spectrum of the metric g on
M , and λ˜1(g˜) is the bottom of the L
2-spectrum of the lifted Laplacian on the universal cover M˜ .
The Min-Max principle state that, for any k ∈ N,
(2.4) λk(g) = inf
Vk
sup{Rg(f)|f 6= 0, f ∈ Vk},
where Vk runs through all the k+ 1-dimensional subspaces of the Sobolev space H
1(M) and Rg(f)
is the Rayleigh quotient of f , i.e.,
Rg(f) =
∫
M
|∇gf |2g dvg∫
M
f2 dvg
.
Note that, when g = e2uσ, the Rayleigh quotient becomes
Rg(f) =
∫
M
|∇σf |2σ dvσ∫
M
e2uf2 dvσ
.
Hence, using the Min-Max principle, we immediately obtain the following corollary from Theo-
rem 2.2.
Corollary 2.5. Let (M,σ) be a hyperbolic surface of genus ≥ 2 and total area A.
There exists a constant C = C(σ) > 0 such that, for any Riemannian metric g ∈ [σ]6A, and all
k ∈ N,
λk(g) > Cλk(σ).
In particular, for any nonpositively curved metric in a fixed conformal class, the function λ1(g) volg(M)
is uniformly bounded away from 0.
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Similarly, on the universal cover, we have
λ˜1(g˜) > Cλ˜1(σ˜).
2.2. Lower bounds on the length of some curves. In this section, we prove lower bounds
for the integral of u on a number of special curves. This results can be translated using Jensen’s
inequality to lower bounds on the g-length of these curves. In particular, one gets Theorem C from
Proposition 2.8 in that way.
Proposition 2.6. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Let x ∈ M˜
and 0 < R1 ≤ R2 arbitrary. There exists a positive constant K2 = K2(σ,R1, R2) such that for any
smooth function u : M → R such that g = e2uσ ∈ [σ]6A and any r ∈ [R1, R2], we have∫
Sσ(x,r)
u˜dlσ > −K2,
where Sσ(x, r) is the σ-sphere of radius r centered at x and u˜ is the lift of u to the universal cover.
Proof. Let (r, θ) be hyperbolic polar coordinates on the σ-ball Bσ(x,R2) ⊂ M˜ .
Let 0 ≤ ε 6 ρ be arbitrary. Let Aσ(ε, ρ) = {(r, θ) | ε 6 r 6 ρ}. There exists an integer N(ρ) > 1
depending on ρ and the hyperbolic metric σ such that the annulus Aσ(ε, ρ) is contained in at most
N(ρ) fundamental domains for M in M˜ . Call this minimal union of fundamental domains F . Since
∆u > −1 and ∫
F
∆u˜dvσ = N(ρ)
∫
M
∆udvσ = 0,
we get that ∫
Aσ(ε,ρ)
∆u˜dvσ = −
∫
FrAσ(ε,ρ)
∆u˜dvσ 6
∫
FrAσ(ε,ρ)
dvσ 6 AN(ρ).
Now, ∫
Aσ(ε,ρ)
∆u˜dvσ =
∫ 2pi
0
∫ ρ
ε
∆u˜ sinh rdrdθ
=
∫ 2pi
0
sinh ρ
∂u(ρ, θ)
∂r
− sinh ε∂u(ε, θ)
∂r
dθ.
Hence, taking ε = 0 and changing the order of the integration and differentiation, we obtain
∂
∂r
∫ 2pi
0
u(r, θ)dθ
∣∣∣∣
r=ρ
6 AN(ρ)
sinh(ρ)
.
Since we also have that
∫
Aσ(ε,ρ)
∆u˜dvσ ≥ − vol(Aσ(ε, ρ)), we deduce
∂
∂r
∫ 2pi
0
u(r, θ)dθ
∣∣∣∣
r=ρ
> −vol(Aσ(0, ρ))
sinh(ρ)
.
From the control of derivatives given by the two equations above and Corollary 2.4, it is easy to
deduce the Proposition. 
Corollary 2.7. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. Let 0 < R1 6 R2
be arbitrary. There exists a positive constant K3 = K3(σ,R1, R2) such that for any smooth function
u : M → R such that g = e2uσ ∈ [σ]6A, any x ∈ M˜ and any r ∈ [R1, R2], we have∫
Lr
u˜dlσ > −K3,
where Lr ⊂ Sσ(x, r) is a piece (a union of pieces) of arcs of the σ-sphere Sσ(x, r) of radius r
centered at x and u˜ is the lift of u to the universal cover.
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Proof. The result follows from Proposition 2.6 and Theorem 2.2.∫
Lr
u˜dlσ =
∫
Sσ(x,r)
u˜dlσ −
∫
Sσ(x,r)rLr
u˜dlσ > −K2 − Clσ(Sσ(x, r)r Lr)

Proposition 2.8. Let (M,σ) be a hyperbolic surface of genus > 2 and total area A. For any closed
σ-geodesic γ, there exists a positive constant K4 = K4(lσ(γ)) such that, for any smooth function
u : M → R such that g = e2uσ ∈ [σ]6A, we have∫
γ
udlσ ≥ −K4.
Remark 2.9. Our proof gives a counter-intuitive dependency of K4 = K4(lσ(γ)) in the geodesic
γ. Indeed, due to the use of Corollary 2.4, K4(lσ(γ)) goes to infinity as lσ(γ) goes to infinity.
One could presumably obtain a uniformly bounded constant by being a bit more careful, but we
choose not to pursue that direction as it does not lead to any significant improvement regarding
Conjecture 1.2.
Note also that the proof shows that for any curve α that is obtained as an equidistant curve
from a σ-geodesic γ, we have
∫
α udlσ ≥ −K4.
Proof. Let Mc be a cylindrical cover of M with fundamental group generated by the homotopy
class of γ. Consider hyperbolic normal polar coordinates (r, θ) on Mc, where γ is described by the
equation r = 0 and θ ∈ [0; lσ(γ)]. Let uc be the lift of u to Mc.
Let 0 ≤ ε ≤ ρ be arbitrary and Aσ(−ρ,−ε) = {(r, θ) | −ρ ≤ r ≤ −ε}.
Green’s theorem implies that∫∫
Aσ(−ρ,−ε)
∆σucdvσ =
∫ lσ(γ)
0
∂uc
∂r
(−ε, θ) cosh ε dθ −
∫ lσ(γ)
0
∂uc
∂r
(−ρ, θ) cosh ρ dθ(2.5)
= cosh ε
∂
∂r
∫ lσ(γ)
0
uc(r, θ) dθ
∣∣∣∣∣
r=−ε
− cosh ρ ∂
∂r
∫ lσ(γ)
0
uc(r, θ) dθ
∣∣∣∣∣
r=−ρ
.
Recall that g being nonpositively curved implies that ∆σu > −1, so ∆σuc > −1. Therefore,∫∫
Aσ(−ρ,−ε)
∆σucdvσ > − vol(Aσ(−ρ,−ε)) = −(sinh ρ− sinh ε)lσ(γ)
Now, by Corollary 2.4 applied to Aσ(−diam(M), 0) and the equality∫∫
Aσ(− diam(M),0)
uc dvσ =
∫ diam(M)
0
∫ lσ(γ)
0
u cosh r dθdr,
there exists a positive constant K5 = K5(diam(M), lσ(γ), σ) and R1 ∈ [0; diam(M)] such that∫ lσ(γ)
0
uc(−R1, θ) dθ > − K5
diam(M)
.
Remark 2.10. The constant K5 goes to infinity as the length of γ goes to infinity due to the use of
Corollary 2.4.
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If R1 = 0, then the Proposition is proven. So we suppose that R1 6= 0. Then, there exists a
constant R2 > R1 and smaller than some constant R = R(diam(M),K5, σ) such that∫ lσ(γ)
0
uc(−R2, θ) dθ > − K5
diam(M)
,
∂
∂r
∫ lσ(γ)
0
uc(r, θ) dθ
∣∣∣∣∣
r=−R2
> −K5.
Indeed, either R1 itself works, or
∂
∂r
∫ lσ(γ)
0
uc(r, θ) dθ
∣∣∣∣∣
r=−R1
< −K5 ≤ 0.
So, at least locally around −R1, the function
∫ lσ(γ)
0 uc(r, θ) dθ is strictly decreasing. Then, for all
r ≥ R1, sufficiently close to R1, we have∫ lσ(γ)
0
uc(−r, θ) dθ >
∫ lσ(γ)
0
uc(−R1, θ) dθ > − K5
diam(M)
.
However, since u is uniformly bounded above (by Theorem 2.2), for all r we have,∫ lσ(γ)
0
uc(−r, θ) dθ 6 Clσ(γ).
Hence we cannot have
∂
∂r
∫ lσ(γ)
0
uc(r, θ) dθ
∣∣∣∣∣
r
< −K5,
for all r ≥ R1. Thus R2 exists as claimed.
Now take ρ = R2 in equation (2.5) and recall that R2 6 R. Assume that for any D > 0 there
exists u such that
∫
γ udlσ < −D. Then, there exists ε ∈ [0;R2] such that
∂
∂r
∫ lσ(γ)
0
uc(r, θ) dθ
∣∣∣∣∣
r=−ε
6 −
D − K5diam(M)
R
.
The constant D can be chosen arbitrary large. As a result, we obtain a contradiction as the
left-hand side of the equality (2.5) is bounded below and the right-hand side of it can be arbitrary
small. Therefore, the Proposition follows. 
Using Jensen’s inequality we can restate all the results of this section, replacing the integral of
u over the curves by the g-length of the curves. In particular, Theorem C is a direct corollary of
Proposition 2.8.
2.3. Upper bound on diameter for metrics without conjugate points. As mentioned in the
introduction, a direct consequence of the upper bound on the conformal factor given by Theorem
2.2 is that the diameter stays bounded in a class [σ]6A. But we can further relax our assumptions
and still get a bound on the diameter.
Theorem 2.11. Let (M,σ) be a compact hyperbolic surface of genus > 2 and total area A. Then,
there exists a constant D = D(σ) > 0 such that for any smooth metric g without conjugate points
and total area A that is conformally equivalent to σ, we have
diam(M, g) 6 D.
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The proof of the Theorem above relies on the following lemma, which says that one cannot
increase infinitely the length inside a fixed disc without creating conjugate points. We state the
lemma in a more general context as the one needed for Theorem 2.11, as we will also be using that
lemma in the proof of Theorem 3.1.
Lemma 2.12. Let (M,h) be a nonpositively curved surface of genus > 2 and total area A. Let
ε > 0 be arbitrary. Suppose that for some x ∈M , the metric h is invariant under rotations in the
h-ball Bh(x, 2ε) ⊂ M . Then, there exists a constant C > 0, depending only on ε and the metric
h such that, for any Riemannian metric g = e2uh with no conjugate points and total area A, we
have, for all y, z ∈ Bh(x, ε),
dg(y, z) ≤ C.
Remark 2.13. As we will see in the proof, the constant C actually depends only on ε and an upper
bound for the function
√
deth in Bh(x, 2ε)
Proof. Let (r, θ) be polar coordinates in the ball Bh(x, 2ε).
The g-area of an annulus T (ε) = {(r, θ)|ε 6 r 6 2ε, 0 6 θ 6 2pi} is smaller than A and is equal
to ∫∫
T (ε)
e2udvσ =
∫ 2ε
ε
∫ 2pi
0
e2u(cθ(r))f(r) dθdr,
where f(r) =
√
det g, det g is the determinant of the metric tensor and cθ(r) is a h-geodesic radius
corresponding to the angle θ. The function
√
det g depends only on r in Bh(x, 2ε) because h is
assumed to be invariant under rotations in that ball.
Therefore, there exists r¯ ∈ [ε; 2ε] such that∫ 2pi
0
e2u(cθ(r¯))f(r¯) dθ 6 A
ε
.
It follows that ∫ 2pi
0
e2u(cθ(r¯))dθ 6 A
εf(r¯)
.
Moreover, if we denote Cr¯ = {(r, θ) | r = r¯, 0 6 θ < 2pi}, then the g-length of Cr¯ is controlled:
lg(Cr¯) =
∫ 2pi
0
eu(cθ(r¯))f(r¯) dθ 6 f(r¯)
√
2pi
(∫ 2pi
0
e2u(cθ(r¯))dθ
) 1
2
6
√
max
r∈[ε;2ε]
f(r)
(
2piA
ε
) 1
2
=: W.
As a result, any two points p, q ∈ Cr¯ can be connected by two arcs of Cr¯ of g-length less than
or equal to W . Fix any two points p, q ∈ Cr¯. Let z ∈ Bh(x, ε). We want to show that either
dg(z, p) ≤W , or dg(z, q) ≤W . Once this is established, the lemma will follow with C = 3W .
So, suppose this is not the case, i.e., suppose that the g-length of any path connecting p to q
and passing through z is strictly greater than W . Let B˜h(x, ε) be a lift of Bh(x, ε) in the universal
cover M˜ . Let p˜, q˜, z˜ ∈ B˜h(x, ε) the associated lifts of p, q and z. By what we proved so far and
our assumption, the space of curves connecting p˜ to q˜ of g-length less than or equal to W has two
connected components. Therefore, there exist two different geodesics connecting p˜ and q˜. This
contradicts the fact that g has no conjugate points. Hence, z is at g-distance less than W from
either p or q. 
The proof of Theorem 2.11 follows easily from Lemma 2.12
Proof of Theorem 2.11. Choose a minimal cover of M by balls of radius inj(σ), the injectivity radius
of σ. Let N(σ) be the number of balls in the cover. Let z1, z2 ∈ M . The σ-geodesic between z1
and z2 is covered by at most N(σ) balls. Now, since σ is invariant under rotations in every balls of
the cover, we can apply Lemma 2.12 with h = σ. It gives us the existence of a constant C(inj(σ))
such that dg(z1, z2) ≤ N(σ)C(inj(σ)). 
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3. Flexibility for negatively curved metrics with fixed total area in a fixed
conformal class
In this section, we show that the metric entropy is flexible inside a conformal class and prove
Theorem B.
Theorem 3.1. Consider a surface M of genus > 2 and total area A. There exists a compact set
K in the Teichmu¨ller space on M on which the following holds. For any positive constant ε > 0
there exists a negatively curved Riemannian metric g on M , such that:
(1) the total area of M with respect to g is A;
(2) the metric g is conformally equivalent to a hyperbolic metric in K;
(3) the metric entropy, hµ(g), of g, i.e., the entropy of the geodesic flow of g with respect to its
Liouville measure, satisfy
0 < hµ(g) 6 ε.
Remark 3.2. As in [EK], one might want to chose g in the theorem above in such a way that its
topological entropy htop(g) is as close to (2pi|χ(M)|/A)1/2 as one wishes. However, if we try to do
this following [EK] here, then the compact set K that we obtain will, a priori, have to become
infinitely big. In particular, we do not know whether small values of hµ forces a gap for htop or not.
Thanks to Theorem 3.1, we immediately obtain the
Corollary 3.3. Consider a surface M of genus > 2 and A > 0. There exists a hyperbolic metric σ
on M of total area A such that in any neighborhood U of σ in the Teichmuller space for any ε > 0
there exists a hyperbolic metric σ′ ∈ U of total area A with inf
g∈[σ′]<A
hµ(g) < ε.
Remark 3.4. Notice that one can apply the normalized Ricci flow to a metric g ∈ [σ′]<A such that
hµ(g) < ε, and, using the continuity of the metric entropy (see [KKPW90]), get that all the values
in [ε, (2pi|χ(M)|/A)1/2] are realized as the metric entropy of some metric in [σ′]<A.
Remark 3.5. For σ as in Corollary 3.3, we actually expect that infg∈[σ]<A hµ(g) = 0. Indeed, for
any n, one can pick σn a hyperbolic metric and gn = e
2unσn such that σn converges in the C
∞
norm to σ, and hµ(gn) < 1/n, then, by continuity, one would expect that the metric entropy of
hn = e
2unσ converges to 0. There are however two big problems to try to make that argument
works. First, hn has no reason a priori to be negatively curved, as the curvature of gn has to
converge to zero. Second, even if we knew that hn was negatively curved, we also know, from the
proof of Theorem 3.1, that the functions un can be C
0, but not C1 close as n goes to infinity. Hence
one cannot use the known results about continuity of the metric entropy.
In spite of this, we do believe that the metric entropy should be totally flexible in a conformal
class. We even believe (Conjecture 1.1) that infg∈[σ]<A hµ(g) = 0 for any hyperbolic metric σ on M
with total area A.
Corollary 3.6. Let ε > 0 and f : R → R+ be any real continuous function such that f(0) = 0,
then there exists a negatively curved metric g such that
f (hµ(g)) < λ˜1(g), and hµ(g) < ε.
Furthermore, we can choose g ∈ [σ]<A, where σ is a hyperbolic metric inside a fixed compact set of
the Teichmu¨ller space.
Proof. This follows directly from the combination of Corollary 2.5 and Theorem 3.1. 
Proof of Theorem 3.1. In Section 3.1 of [EK], the second author and Katok builds a family of
negatively curved metrics satisfying the conditions 1) and 3). We will show here that this family of
example also satisfy the condition 2). To prove that, we show that the hyperbolic metrics which are
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in the same conformal class have diameter uniformly bounded above, and hence, stay in a compact
part of the Teichmu¨ller space. The proof of the uniform bound on the diameter follows the same
line as the proof of Theorem 2.11.
We start by a quick description of the construction given in [EK] of the relevant metrics.
Let σ be a fixed hyperbolic metric on M of total area A. Let d > 0 be sufficiently small. Let
T be a triangulation by σ-geodesic triangles of M such that each edge is a geodesic segment of
σ-length between d/3 and d. Such a triangulation exists: We can take any geodesic triangulation
and refine it in such a way that it satisfies the condition.
To each triangle T in T , consider its comparison triangle T∗ in Euclidean space, i.e., the Euclidean
triangle T∗ has sides of Euclidean length equal to the σ-length of the corresponding side in T . From
all the comparison triangles T∗, we construct a polyhedral surface (homeomorphic to M) with
conical singularities by gluing them according to the incidence of the original triangles in T . In
particular, we thus obtain a singular metric g0 on M with zero curvature everywhere except from
the conical singularities at the vertices of T where the angle is larger than 2pi.
For sufficiently small d, the ratio of the area between a triangle T ∈ T and its comparison triangle
T∗ becomes arbitrarily close to 1 (see [EK, Lemma 3.2]). Hence, we can choose the triangulation
T in such a way that the total area of M for g0 is comprised between, say,
(
1− 11000
)
A and(
1 + 11000
)
A.
For all α > 0 sufficiently smaller than d, we can find a family of smooth Riemannian metrics
{gε}, ε ∈ (0, α], obtained by smoothing of g0, such that (see [EK] for the details):
• each metric gε has nonpositive curvature;
• the metric gε coincide with g0 outside of some ε-neighborhoods (for g0) of the conical
singularities of g0;
• the total area of M for gε is between
(
1− 1100
)
A and smaller than
(
1 + 1100
)
A.
Let p be a conical point of g0. For ε fixed, consider the polar coordinates (r, θ) centered at p for
the metric gε. As usual, θ is the angular coordinate and r is the gε-distance to p. The smoothing
procedure in Lemma 3.3 of [EK] is such that a sufficiently small gε-ball centered at the conical
point of g0 is invariant under rotations with respect to the center. Therefore, all such g0-balls are
also gε-balls for any ε (but of varying radius). Moreover, the construction gives uniform upper and
lower bounds on the gε-radii of such balls in terms of α and T (see [EK] for details). Furthermore,
since the metrics gε and g0 coincide outside of neighborhoods of the conical points, the g0-balls
which do not intersect α-neighborhoods of singular points of g0 are also gε-balls of the same radii.
Let {Bg0(xi, ri)}i=1,...,N be an open cover of M by g0-balls such that, for every i, Bg0(xi, 2ri) is
either entirely contained in a flat part of g0, or xi is a conical point of g0 and Bg0(xi, 2ri) does not
contain any other conical points. We further assume that {Bg0(xi, ri)}i=1,...,N is a minimal such
cover, i.e., it has the smallest number of balls among all covers satisfying to our conditions. So N is
a number depending only on g0, or equivalently, depending only on the topology of M , the starting
hyperbolic metric σ and the choice of d. Let R = maxi ri. Similarly, R depends only on g0.
We now choose α smaller if necessary, so that all the balls Bg0(xi, 2ri) that are entirely contained
in a flat part of g0 are disjoint from every α-neighborhood of the conical points of g0.
Let C˜ = sup{√det gε | ε ∈ (0, α]}. Given the smoothing procedure used, C˜ is finite and depends
only on g0, T , α and R (this follows from formula (3.5) in [EK]).
Since, by construction, for ε ∈ (0, α], all of the gε are rotationally invariant in each ball Bg0(xi, ri),
we can apply Lemma 2.12 to all of them. Moreover, according to Remark 2.13, the constant C
given by the lemma depends only on g0, T , C˜, α and R.
Thus, we deduce as in the proof of Theorem 2.11 that the diameter of any metric without
conjugate points conformally equivalent to one of gε, ε ∈ (0, α], and of total area A is bounded
above by NC. In particular, for any ε, the hyperbolic metric σε of total area A, that is conformally
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equivalent to gε, has diameter bounded by NC. Hence, for any ε, the hyperbolic metrics σε must
stay in a compact subset of the Teichmu¨ller space.
It is shown in Section 3.3 of [EK] that the metric entropy of gε tends to 0 as ε tends to 0. Now, by
construction, the total area of each gε is bounded between
(
1− 1100
)
A and
(
1 + 1100
)
A. Therefore,
the metrics g¯ε = gε
A
volgε (M)
are smooth nonpositively curved metrics, of total area A, and their
metric entropy still converges to 0 with ε.
Finally, to obtain metrics that are negatively curved, instead of just nonpositively, we can
smoothly approximate the metrics g¯ε by metrics of negative curvature with total area A that
are conformally equivalent to g¯ε by essentially taking some negative curvature from the neighbor-
hoods of the conical points and distribute it among regions where we have zero curvature (see
Proposition 5.1 in [EK] for more details). Another way to avoid nonpositive curvature is to replace
initial triangles of zero curvature by triangles of constant negative curvature close to 0 and repeat
the construction. 
4. Flexibility for metrics with fixed total area under weaker conditions
In this section, we construct a number of examples, some relatively well-known, some potentially
new, showing that none of the bounds obtained in Section 2 still hold when we relax our hypothesis.
4.1. Examples of metrics with arbitrary short systole.
Lemma 4.1. Let M be a surface of genus > 2 equipped with a hyperbolic metric σ of total area A.
Then, for every ε > 0 there exists a Riemannian metric g on M of total area A that is conformally
equivalent to σ such that sys(g) ≤ ε and diam(M, g) ≤ 2 diam(M,σ).
Notice that the metric we construct for this lemma would fall into the scope of Proposition 2.8 if
it was nonpositively curved. Hence these particular examples must have some positive curvature.
Proof. Let ε > 0. Let γ be a systole for σ on M , i.e., such that lσ(γ) = sys(σ). We assume that
ε < sys(σ). For any δ, to be specified later, we consider a smooth bump function φ : R → R such
that φ(0) = 1 and φ(t) = 0 for every t /∈ (−δ, δ). We define a smooth function u : M → R by
u(x) = − log
(
sys(σ)
ε
)
φ(dσ(x, γ)) + C(1− φ(dσ(x, γ)))
where C is some real number that will be determined later and dσ(x, γ) is the σ-distance from a
point x to the curve γ. In particular, u is equal to − log
(
sys(σ)
ε
)
on γ and equal to C outside the
δ-neighborhood (for σ) of γ.
Set g := e2uσ. For an appropriate choice of δ and C, we will show that the metric g satisfy the
lemma.
First, notice that the g-length of γ is equal to ε. This implies that sys(g) 6 ε. As g is in the
conformal class of σ, all we have left to show is that the g-volume of M is A, and that the g-diameter
of M is at most twice the σ-diameter.
Call V (γ, δ) the δ-neighborhood of γ for the hyperbolic metric σ. For sufficiently small δ we have
volσ (V (γ, δ)) ≤ A/2. Then, the g-volume of M , which is equal to
∫
M
e2udvσ, satisfy∫
M
e2udvσ > e2C volσ (M r V (γ, δ)) >
e2CA
2
> A if C >
log 2
2∫
M
e2udvσ 6 e2C volσ (M r V (γ, δ)) + volσ (V (γ, δ)) 6 e2CA+
A
2
< A if C < − log 2
2
.
Therefore, using the above inequalities and their continuous dependency on C, we can deduce
that there exists C(δ) such that volg(M) = A. Moreover, C(δ) converges to zero when δ does.
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Given the construction, it is also clear that, as δ goes to zero, the diameter of the metric g tends
to the diameter of σ. Hence, we can choose δ small enough so that our last claim is satisfied. 
If we do not require the condition that g has to be conformally equivalent to σ in Lemma 4.1,
then by Section 2.1 in [EK] we have the following
Lemma 4.2. Suppose M is a surface of genus > 2 and A > 0. Then, there exists D > 0 such
that, for every ε > 0, there exists a negatively curved Riemannian metric g on M of total area A,
diameter less than D, and the g-length of its systole is smaller than ε.
Here, the hyperbolic metrics in the conformal class of the examples of Lemma 4.2 must escape
every compact of the Teichmu¨ller space. Indeed, they are build in such a way (see [EK, section
2.1]) that Proposition 2.8 can apply to each of them, i.e, their systole is along a geodesic of the
hyperbolic metric in their conformal class. Hence, if the hyperbolic metrics in their conformal class
were to stay in a compact of the Teichmu¨ller space, then Proposition 2.8 would give a lower bound
on the systole, a contradiction with Lemma 4.2.
4.2. Examples of metrics with arbitrary large diameter.
Lemma 4.3. Let M be a surface of genus > 2, equipped with a hyperbolic metric σ, of total area A.
Then, for every D > 0, there exists a Riemannian metric g on M of total area A that is conformally
equivalent to σ and diam(M, g) > D.
Proof. The gist of the construction is quite easy: Consider a small neighborhood around some point
and change the metric conformally in such a way that this neighborhood is stretched, but without
changing the volume too much. As a result one gets a surface with a long and very thin nose. The
only difficulty is to actually produces a function that has exactly the right type of behavior.
As before, we fix a point p on M and consider standard hyperbolic polar coordinates (r, θ). Let
us consider a family of smooth bump functions φ(r; a) : R→ R, where a > 0, such that φ(r; a) = 1
when r ∈ [−a/2; a/2] and φ(r; a) = 0 when r > a. Fix a positive constant ε > 0 such that the
ε-neighborhood (for σ) of p is inside the coordinate chart. Then, for any positive δ < − 1log ε−log 2
(i.e., δ is such that
(
ε
2
)−δ
< e) we define a smooth function ρ(x; δ, C) on M by, for every x ∈ M
inside the coordinate chart
(4.1) ρ(x; δ, C) = φ(r; ε)
(ε
2
)−δ/2( Aδ
16pi
) 1
2
φ(r; e− 1δ )(e− 1δ
2
)−(1− δ2)
+ (1− φ(r; e− 1δ ))r−(1− δ2)

+ (1− φ(r; ε))C,
and ρ(x; δ, C) = C for every x ∈M outside the coordinate chart. As in the proof of Lemma 4.1, C
is a positive constant that will be chosen so that the total area of M for the metric gδ = ρ
2(x; δ, C)σ
is equal to A.
Let B(p, ε) denote the ε-neighborhood of p for the hyperbolic metric σ. Notice that for sufficiently
small ε we have volσ (B(p, ε)) ≤ A/2. Then, the g-volume of M , which is equal to
∫
M
ρ2dvσ, satisfy
∫
M
ρ2(x; δ, C)dvσ > C2 volσ (M rB(p, ε)) >
C2A
2
> A if C2 > 2∫
M
ρ2(x; δ, C)dvσ 6 C2 volσ (M rB(p, ε)) + volgδ (B(p, δ)) 6 C2A+
A
2
< A if C2 <
1
2
.
Therefore, using the above inequalities and their continuous dependency on C, we deduce that
there exists C(δ, ε) such that volgδ(M) = A. Moreover, C(δ, ε) converges to 1 when ε tends to zero.
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The inequality volgδ (B(p, δ)) 6 A2 , for ε small enough, is obtained by direct computations.
Indeed, we have
(4.2) Areagδ(B(p, ε/2)) =
2pi∫
0
ε/2∫
0
ρ2(r; δ) sinh(r) dr dθ 6
2pi∫
0
ε/2∫
0
(ε
2
)−δ (Aδ
8pi
)
r−(1−δ) dr dθ =
=
(ε
2
)−δ (Aδ
4
)
1
δ
(ε
2
)δ
6 A
4
,
for sufficiently small ε.
And, if C2 < 1 and ε, δ are sufficiently small, the area of the annulus {(r, θ)|r ∈ [ε/2; ε], θ ∈
[0; 2pi)} satisfies
2pi∫
0
ε∫
ε/2
ρ2(r, δ) sinh(r)drdθ 6 4pi
ε∫
ε/2
((ε
2
)− δ
2
(
Aδ
16pi
) 1
2
r−(1−
δ
2
) + C
)2
rdr
6 4pi
(
A(2δ − 1)
16pi
+ C2
ε2
2
+
2Cε
2−
δ
2 (1 + δ2)
(
Aδ
16pi
) 1
2
)
6 A
4
.
So all we have left to do is to prove that the diameter of gδ is greater than D. First, notice
that the radial curves (for σ) in the annulus Bσ(
ε
2) \ Bσ(e
1
δ ) are minimal geodesics. Indeed, since
the conformal coefficient in Bσ(
ε
2) \ Bσ(e
1
δ ) depends only on r and not on θ, the shortest curves
between the boundaries are those such that the angle component stays constant, i.e., radial curves.
Now, let l be such a radial curve in Bσ(
ε
2) \Bσ(e
1
δ ). Then its gδ-length satisfies
lengthgδ(l) =
ε/2∫
e−
1
δ
ρ(r; δ)dr >
ε/2∫
e−
1
δ
r−(1−
δ
2)
(ε
2
)−δ/2( Aδ
16pi
) 1
2
dr
>
(ε
2
)−δ/2( Aδ
16pi
) 1
2 2
δ
((ε
2
)δ/2 − e− 12)
> 1
δ
1
2
(
A
4pi
) 1
2
(
1−
(ε
2
)−δ/2
e−
1
2
)
→ +∞ as δ → 0.(4.3)
Therefore, for every positive constant D there exists a positive number δ such that the diameter of
M with respect to a Riemannian metric gδ (defined above) of total area A and which is conformally
equivalent to σ is larger than D. 
Remark 4.4. Notice that one can prove the above result more theoretically but less explicitely. The
idea, used in [CE03], goes as follows: A Riemannian surface (Σ, g) is, locally, almost Euclidean.
Hence, it is, locally, almost conformal to the sphere with its standard metric. Therefore, starting
with any metric h conformal to the standard sphere, it is possible to construct a conformal defor-
mation of (Σ, g) around a point to make it arbitrarily close to h in that neighborhood. Applying
that scheme when h is a long and thin sphere gives an example as in Lemma 4.3. One can also use
this method to build conformal Cheeger Dumbell. Again, we will instead give an explicit example
in the proof of Lemma 4.5.
We recall that if we do not require the condition that g has to be conformally equivalent to σ
in Lemma 4.3 then there exists a Riemannian metric of constant negative curvature of fixed total
area such that its diameter is larger than any a priori given positive number.
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4.3. Examples of metrics with arbitrary small first eigenvalue of Laplacian. Our next
example shows that if one drops the nonpositive curvature assumption, then Corollary 3.6 fails,
i.e., one can get arbitrarily small λ1 in a fixed conformal class.
Lemma 4.5. Let M be a surface of genus > 2, equipped with a hyperbolic metric σ, of total area
A. Then, for every ε > 0 there exists a Riemannian metric g of total area A that is conformally
equivalent to σ and λ1(g) < ε.
Remark 4.6. As mentioned in Remark 4.4 above, such examples can also be obtained using the
techniques of Colbois and El Soufi in [CE03].
Proof. Let p, q be two points in M at σ-distance strictly greater than ε. We define a metric gδ that
has total area A and is conformally equivalent to σ in the following way.
Let ρ(·; δ) be the function that is constant outside of ε-neighborhoods of p and q and defined by
equation (4.1) inside of the neighborhoods. We define gδ := ρ
2(·; δ)σ.
An argument similar to the proof of Lemma 4.3 shows that one can pick the value of the function
ρ outside of the ε-neighborhoods in such a way that gδ has total area A.
Recall from Lemma 4.3 that a σ-ball centered at p or q of radius smaller than or equal to ε/2 is
a gδ-ball a priori of some other radius. Let (R, t) be polar coordinates for gδ in the neighborhood
of p. Denote by R1 and R2 the gδ-radii of σ-balls of radii e
− 1
δ and ε/2, respectively. Notice that
equation (4.3) gives
R2 −R1 = 1
δ
1
2
(
A
4pi
) 1
2
(
1−
(ε
2
)−δ/2
e−
1
2
)
→ +∞ as δ → 0
Let f1 be a function on M such that it is equal to 1 in the R1-neighborhood of p (for gδ) and
0 outside of the R2-neighborhood of it. In the annulus {(R, t)|R ∈ [R1;R2], t ∈ [0; 2pi)} we define
f1(R, t) = − RR2−R1 + R2R2−R1 . Let f2 be the function obtained as f1, but considering q instead of
p. Notice that f1, f2 ∈ H1(M) as they are continuous and piecewise continuously differentiable.
Furthermore, f1 and f2 have disjoint supports by construction.
The fact that the first eigenvalue of Laplacian for gδ tends to 0 as δ tends to 0 will follow from
the Min-Max principle (see equation (2.4)). Let V2 be the 2-dimensional subspace of the Sobolev
space H1(M) spanned by the functions f1 and f2. Any F ∈ V2 can be written as F = af1 + bf2,
where a, b ∈ R. Then,∫
M
F 2dvgδ = a
2
∫
M
f21dvgδ + 2ab
∫
M
f1f2dvgδ + b
2
∫
M
f22dvgδ = a
2
∫
M
f21dvgδ + b
2
∫
M
f22dvgδ ,
as f1, f2 have disjoint supports. Similarly,∫
M
|∇gδF |2gδdvgδ = a2
∫
M
|∇gδf1|2gδdvgδ + b2
∫
M
|∇gδf2|2gδdvgδ .
Therefore,
Rgδ(F ) =
∫
M
|∇gδF |2gδ dvgδ∫
M
f2 dvgδ
=
a2
∫
M
|∇gδf1|2gδdvgδ + b2
∫
M
|∇gδf2|2gδdvgδ
a2
∫
M
f21dvgδ + b
2
∫
M
f22dvgδ
6 Rgδ(f1) +Rgδ(f2).
The Min-Max principle and the estimate above on Rgδ(F ) imply that λ1(gδ) 6 Rgδ(f1)+Rgδ(f2).
As a result, if we show that Rgδ(f1) and Rgδ(f2) tend to 0 as δ tends to 0, then λ1(gδ) tends to 0
as δ tends to 0 and Lemma 4.5 is proven.
We only estimate Rgδ(f1), since the computations for f2 are the same.
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Let S(R1;R2) = {(R, t)|r ∈ [R1;R2], t ∈ [0; 2pi)}. By definition of f1 and equation (4.2), for
sufficiently small ε we have∫
M
|∇gδf1|2gδdvgδ =
1
(R2 −R1)2Areagδ(S(R1;R2)) 6
A
4(R2 −R1)2 .
Notice, since R2−R1 tends to +∞ as δ tends to 0, that
∫
M
|∇gδf1|2gδdvgδ tends to 0 as δ tends to
0.
So all we have left to do is show that
∫
M f
2
1dvgδ is bounded below by a strictly positive constant.
For R2 > R > R1, the coordinates R and r, which are respectively the gδ- and σ-distances from
p, are related by the following equation.
R = R1 +
r∫
e−
1
δ
(ε
2
)−δ/2( Aδ
16pi
) 1
2
r−(1−
δ
2)dr = R1 +
(ε
2
)−δ/2( A
4piδ
) 1
2 (
r
δ
2 − e− 12
)
.
So direct computation shows that, for R2 > R > R1,
f1(R, t) =
R2 −R
R2 −R1 =
(
ε
2
) δ
2 − r δ2(
ε
2
) δ
2 − e− 12
and there exists a positive constant F = F (A) such that
∫
M
f21 dvgδ > F (A) for sufficiently small δ.
Therefore, Rg(f1) tends to 0 as δ tends to 0, and the same is true for f2. 
It is easy to construct hyperbolic metrics with arbitrarily small λ1, just by leaving compacts in
the Teichmu¨ller space. However, these examples have also unbounded diameter. Here, we show that
one can build negatively curved surface with bounded diameter and arbitrarily small λ1. Notice
that by Corollary 3.6, the hyperbolic metrics in the conformal class of these examples must also
leave every compacts of the Teichmu¨ller space.
Lemma 4.7. Suppose M is a surface of genus 2 and A > 0. There exists D > 0 such that, for
every ε > 0, there exists a negatively curved Riemannian metric g of total area A, the diameter less
than D, and λ1(g) < ε.
Proof. Let σ be a metric on M of constant negative curvature and total area A. Let γ be a closed
σ-geodesic such that lσ(γ) = sys(σ). We assume that we chose σ such that it is symmetric with
respect to γ and has a rotationally invariant cylindrical neighborhood C of sufficiently large size
around γ. In [EK], it was shown that it is possible to modify σ on this cylindrical neighborhood and
obtain a family of negatively curved metrics of total area A such that the infimum of the systole in
this family of metrics is 0 and the supremum of the diameter in it is bounded above by a constant
D, which depends only on A and on the initial choice of σ. We recall that construction and point
out what modifications are needed in order to get Lemma 4.7.
Without loss of generality, we may assume that σ has curvature −1 (so A = 2pi|χ(M)|). Let
a := sys(σ)/2pi. The metric tensor in the normal coordinates (r, θ) for σ with respect to the σ-
systole has the form
(
1 0
0 a2 cosh2(r)
)
, where θ is the coordinate along the σ-systole, which runs
from 0 to 2pi, and r is the distance to the σ-systole.
The metric g that we build matches with σ outside of the cylindrical neighborhood C of γ and
is also symmetric and rotationally invariant in it. In general, if g is a smooth metric that admits a
rotationally invariant cylindrical neighborhood of a closed geodesic, then in the normal coordinates
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(r, θ) with respect to that geodesic the metric tensor for g has the form
(
1 0
0 f2(r)
)
. Moreover, g
is negatively curved if and only if f ′′(r) > 0, that is, f(r) is convex.
It is easy to construct (see Figure 1) a function f(r) that is convex, even, matches smoothly
a cosh(r) outside of a fixed neighborhood of 0, and such that f(r) is arbitrarily small on another
neighborhood of 0 of fixed length. The metric g obtained from f is then negatively curved, coincides
with σ outside of C, and contains an almost flat cylinder of fixed area and arbitrarily small radius.
We can further normalize g so that the total volume is A, without affecting any of the essential
features of g: diam(M, g) is uniformly bounded by some constant D, negatively curved and contains
an almost flat cylinder of fixed area and arbitrarily small radius (see [EK, Section 2.1] for more
details).
Hence the classical proof that the Cheeger dumbbell has arbitrarily small λ1 applies to g and
yields the lemma (see, for instance [BGM71]). 
Figure 1. The example of f(r).
5. Topological entropy vs systole
As we mentioned in the introduction, putting together Theorem 5.1 below and a result of Besson,
Courtois and Gallot ([BCG03, Corollaire 0.6]) implies that, for a family of negatively curved metrics
of fixed total area with diameter uniformly bounded above, then the topological entropy goes to
infinity if and only if the systole goes to zero.
We were not able to find a reference for Theorem 5.1 in the literature, therefore, we provide a
proof here, based on suggestions by Keith Burns.
Theorem 5.1. Suppose M is a smooth closed Riemannian manifold of dimension n with negative
sectional curvature and total volume V . There exists an upper bound on the topological entropy of
the geodesic flow that depends only on the injectivity radius of the metric, n and V .
Proof. Let ρ be the injectivity radius of M and set ε = ρ/4. Then, the length of the shortest closed
geodesic is 2ρ = 8ε. The volume of a ball of radius ε in M is bounded from below by the volume
of a ball of radius ε in Rn, i.e, ν(ε, n) = (ε
√
pi)n/Γ(n2 + 1). Let N = bV/ν(ε, n)c.
There can be at most N pairwise disjoint ε balls in M . Since the centers of a maximal collection
of disjoint ε balls in M are a 2ε-spanning set, it is possible to choose N points, p1, . . . , pN such that
the balls B(pi, 2ε) cover M . For each p ∈M choose j(p) ∈ {1, . . . , N} such that p ∈ B(pj(p), 2ε).
A geodesic γ : [0, T ]→M can be coded by the sequence
j(γ(0)), j(γ(ε)), j(γ(2ε)), . . . , j(γ(nε(T )ε), j(γ(T )),
where nε(T ) is the largest integer such that nε(T )ε < T . Suppose that γ1 : [0, T1] → M and
γ2 : [0, T2]→M are two closed geodesics with the same coding sequences. For each n the geodesic
segments γ1|[nε,(n+1)ε] and γ2|[nε,(n+1)ε] lie in a common ball of radius 3ε < ρ. The same is true
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of the segments γ1|[nε(T1)ε,T1] and γ2|[nε(T2)ε,T2]. It follows that the Hausdorff distance between
the two geodesics is at most ρ. Consequently, the two closed geodesics must be the same (up to
reparametrization).
Hence, the number of closed geodesics of length 6 T will be at most the number of possible
codings, which is bounded above by N (T/ε+1). Now,
lim
T→+∞
1
T
log
(
N (T/ε+1)
)
=
1
ε
logN.
Since g is negatively curved, the topological entropy is given by the exponential growth rate of the
number of closed geodesics of length 6 T [B72], [M69]. Hence (logN)/ε is an upper bound on the
topological entropy and depends only on V , n and ε = ρ/4. 
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